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Symmetric tensor decomposition
and Waring problem (1770)

Symmetric tensor decomposition problem:
Given a homogeneous polynomial F ∈ Sd of degree d in the variables
x = (x0, x1, . . . , xn) with coefficients ∈ K:

F (x) =
∑
|α|=d

Fα xα,

find a minimal decomposition of F of the form

F (x) =
r∑

i=1

ωi (ξi,0x0 + ξi,1x1 + · · ·+ ξi,nxn)
d

with ξi = (ξi,0, ξi,1, . . . , ξi,n) ∈ Kn+1
spanning disctint lines, ωi ∈ K.

The minimal r in such a decomposition is called the rank of T .
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Generalized Additive or Iarrobino’s Decomposition

Generalized Additive Decomposition problem:

find r ′, wi (x) ∈ Ski for i = 1, . . . , r ′ and Ξ = [ξ1, . . . , ξr ′ ] ∈ K(n+1)×r ′ such that

F =
r ′∑
i=1

ωi (x) (ξi , x)d−ki

with rankGAD(F ) =
∑r ′

i=1 dim⟨⟨ωi ⟩⟩ξi minimal, where

⟨⟨ωi ⟩⟩ξi = ⟨(ξi , x)α1+···+αn∂α1
x1 · · · ∂αn

xn (ωi ), αi ∈ N⟩

for a basis of {(ξi , x), x1, . . . , xn} of S1

Example: For d > 5, F = xd−1
0 x1 + (x0 + x1 + 2 x2)

d−2(x0 − x1)
2 is a GAD of

rankgad(F ) = dim⟨⟨x1⟩⟩ξ1 + dim⟨⟨(x0 − x1)
2⟩⟩ξ2

= dim⟨x1, ℓ1⟩+ dim⟨(x0 − x1)
2, 2 ℓ2(x0 − x1), ℓ

2
2⟩ = 5

with ξ1 = [1, 0, 0], ξ2 = [1, 1, 2], ℓ1 = (ξ1, x), ℓ2 = (ξ2, x). 2



Geometric point of view

• Vn+1,d = {ω (ξ, x)d , ω ∈ K, ξ ∈ Kn+1, ξ ̸= 0} Veronese variety

• Tn+1,d = {ω(x) (ξ, x)d−1, ω(x) ∈ S1, ξ ∈ Kn+1, ξ ̸= 0} tangential
variety (= points on tangents to Vn+1,d).

• Ok
n+1,d = {ω(x) (ξ, x)d−k , ω(x) ∈ Sk , ξ ∈ Kn+1, ξ ̸= 0} osculating

variety (= points on oscullating linear spaces to Vn+1,d).

Proposition

The singular locus of Ok
n+1,d is Ok−1

n+1,d , Vn+1,d = O0
n+1,d is smooth.

F =
r ′∑
i=1

ωi (x)(ξi , x)d−ki iff F ∈
r ′∑
i=1

Oki
n+1,d
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☞ Find the decomposition by associating to F an Artinian algebra A

☞ Using Macaulay correspondence, describe A∗ via inverse systems

☞ Use apolar duality to associate to F ∈ Sd an element F ∗ ∈ S∗
d :

Apolar product: For F =
∑

|α|=d Fα xα, F ′ =
∑

|α|=d F
′
α xα ∈ Sd ,

⟨F ,F ′⟩d =
∑
|α|=d

(
d

α

)−1

Fα F
′
α.

Apolar duality: For F ∈ Sd and q ∈ Sk ,

• F ∗ : p ∈ Sd 7→ ⟨F , p⟩d ∈ K is a linear functional ∈ S∗
d

• q ⋆ F ∗ : p ∈ Sd−k 7→ ⟨F , q p⟩d

☞ Use Catalecticant, Hankel operator HF to describe A∗ as ImHF :
Hk,d−k

F : Sd−k → S∗
k

q 7→ q ⋆ F ∗

Matrix form: for A ⊂ Sk ,B ⊂ Sd−k , H
A,B
F = [⟨F , a b⟩d ]a∈A,b∈B
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Duality (char K = 0)

S = K[x0, . . . , xn] = K[x ], Sd = K[x ]d , R = K[x1, . . . , xn] = K[x ],
R≤d := K[x ]≤d = ⟨xα = xα1

1 · · · xαn
n with |α| = α1 + · · ·+ αn ≤ d ⟩.

▶ Linear functionals: Λ ∈ R∗ = {Λ : R → K, linear} = HomK(R,K)

Λ : p =
∑
α

pαxα 7→ ⟨Λ|p⟩ =
∑
α

Λαpα

The coefficients ⟨Λ|xα⟩ = Λα ∈ K, α ∈ Nn are called the moments of Λ.

▶ Formal power series: Λ(z) =
∑

α∈Nn Λα
zα

α! ∈ K[[z1, . . . , zn]]

where α! =
∏

αi ! for α = (α1, . . . , αn) ∈ N.

( 1
α!z

α)α∈Nn dual basis in R∗ of the monomial basis (xα)α∈Nn of R.

zα : p ∈ R 7→ ∂α(p)(0)

▶ Truncated linear functionals: R∗
≤d = {Λ : R≤d → K, linear }.

▶ Truncated series:

For Λ(z) =
∑

α∈Nn Λα
zα

α!
∈K[[z ]], Λ(z)[≤d ] =

∑
|α|≤d Λα

zα

α!
∈ K[z ]≤d = R∗

≤d . 5



From tensors to truncated linear functionals

Let hd,x0 : p ∈ R≤d 7→ xd
0 p(

x
x0
) ∈ Sd and

F̌ = F ∗ ◦ hd,x0 ∈ R∗
≤d

▶ F =
∑

|α|=d Fαx
α0
0 xα1

1 · · · xαn
n ∈ Sd ⇒ F̌ =

∑
|α|=d Fα

1
α!
zα1
1 · · · zαn

n ∈ R∗
≤d

▶ F = (ξ, x)d with ξ0 = 1 ⇒ F̌ = (eξ1,...ξn(z))[≤d ]

where eξ(z) =
∑

α∈Nn ξ
α zα

α!
is the evaluation linear functional eξ : p ∈ R 7→ p(ξ).

▶ F = ω(x)L0(x)d−k with L0 = (ξ, x), ξ0 = 1,
ω(x) = ω0 L

k
0 + ω1(x)Lk−1

0 + · · ·+ ωk(x) ∈ Sk , ωi ∈ Si (x1, . . . , xn) ⇒

F̌ = (ω̌(z) eξ(z))[≤d ]

where ξ = (ξ1, . . . , ξn) ∈ Kn, ω̌(z) =
∑k

i=0 ωi (z) ∈ K[z ]≤k .
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Structure of A

Theorem:
If I = Q1 ∩ · · · ∩ Qr ′ with Qi mξi -primary, then

• VK(I ) = {ξ1, . . . , ξr ′}

• A = A1 ⊕ · · · ⊕ Ar ′ with Ai = R/Qi

• 1 = u1 ⊕ · · · ⊕ ur ′ with Ai = u i A, u2
i = u i , u iu j = 0 if i ̸= j .

(u i idempotents).

Theorem:
In a basis of A, all the matrices Mg : a ∈ A 7→ g a ∈ A (g ∈ A) are of the form

Mg =


M1g 0

. . .

0 Mr
′
g

 with Mig =


g(ξi ) ⋆ ⋆

. . . ⋆

0 g(ξi )



Corollary (Chow form)

∆(u) = det(v0 + v1 Mx1 + · · ·+ vn Mxn) =
∏r

i=1(v0 + v1ξi,1 + · · ·+ vnξi,n)
µξi where

µξi = dimAi is the multiplicity of ξ. 7



Structure of the dual A∗

Definition (Polynomial-Exponential series)

PolExp =

{
σ(z) =

r∑
i=1

ωi (z) eξi (z) | ωi (z) ∈ K[z ], ξi ∈ Kn

}
where eξi (z) = ez1ξi,1+···+znξi,n =

∑
α ξαi

zα

α! is the evaluation eξ : p ∈ R 7→ p(ξ).

Theorem:
For K = K algebraically closed and A = R/I artinian with I = Q1 ∩ · · · ∩ Qr ′ , Qi

mξi -primary,
A∗ = I⊥ = ⊕r ′

i=1 Di eξi (z) ⊂ PolExp

• Di = Q⊥
i = ⟨⟨ωi,1(z), . . . , ωi,li (z)⟩⟩ with ωi,j(z) ∈ K[z ].

• dimK(Di ) = µi multiplicity of ξi .

where Di is the Inverse system generated by ωi,1(z), . . . , ωi,li (z) ∈ K[z ]

⟨⟨ωi,1(z), . . . , ωi,li (z)⟩⟩ = ⟨∂α
z (ωi,j), α ∈ Nn, j = 1, . . . , li ⟩
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Kronecker theorem (Univariate Series)

Kronecker (1881)

The Hankel operator

HΛ : CN,finite → CN

(pm) 7→ (
∑

m Λm+npm)n∈N

is of finite rank r iff ∃ω1, . . . , ωr ′ ∈ C[z ] and ξ1, . . . , ξr ′ ∈ C distincts s.t.

Λ(z) =
∑
n∈N

Λn
zn

n!
=

r ′∑
i=1

ωi (z)eξi (z)

with
∑r ′

i=1(deg(ωi ) + 1) = r .
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Generalized Kronecker Theorem

Theorem:
For Λ ∈ R∗, the Hankel operator

HΛ : R → R∗

p 7→ p ⋆ Λ

is of rank r iff

Λ(z) =
r ′∑
i=1

ωi (z) eξi (z) with ωi (z) ∈ K[z ],

with r =
∑r ′

i=1 dim⟨⟨ωi (z)⟩⟩ =
∑r ′

i=1 dim⟨∂γ
zωi (z)⟩. In this case, we have

• IΛ = kerHΛ with VC(IΛ) = {ξ1, . . . , ξr ′}.
• IΛ = Q1 ∩ · · · ∩ Qr ′ with Q⊥

i = ⟨⟨ωi ⟩⟩ eξi (z).
C.f. [M’2018]

☞ AΛ is Gorenstein:(a, b) 7→ ⟨Λ|ab⟩ is non-degenerate in AΛ.
☞ Can be generalized to Λ = (Λ1, . . . ,Λm) ∈ (R∗)m. 10



For F =
∑r

i=1 ωi (x)(ξi , x)d with ξi,0 = 1,

• IF := {p ∈ R s.t. θ(∂)p(ξi ) = 0 for θ(z) ∈ ⟨⟨ω̌i ⟩⟩)}

• AF := R/IF the quotient algebra by IF .
Theorem:
Let A = {a1, . . . , as},A′ = {a′1, . . . , a′t}, B ⊂ A,B ′ ⊂ A′ s.t.
B+ = B ∪ x1B ∪ · · · ∪ xnB ⊂ A, B ′+ ⊂ A′ and H = HA′,A

F .
If B and B ′ are bases of AF , then

▶ kerH = IF ∩ ⟨A⟩ and IF = (kerH)

▶ imH = (I⊥F )|⟨A′⟩ where I⊥F = {Λ ∈ K[x ]∗ | ∀p ∈ IF , ⟨Λ, p⟩ = 0} = A∗
F

▶ AF = A1 ⊕ · · · ⊕ Ar ′ with A∗
i = ⟨⟨ω̌i (z)⟩⟩eξi (z)

▶ rankgad(F ) = rank(HA′,A

F̌
) = r = µ1 + · · ·µr ′ where µi = dim⟨⟨ω̌i (z)⟩⟩

▶ H0 = HB′,B

F̌
is invertible.

▶ For Hi = HB′,xiB

F̌
, Mi = H−1

0 Hi = multiplication by xi in the basis B of AF .

☞ Decomposition via Schur factorization of the Mi .
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Example (Joint work with E. Barilli, D. Taufer)

Let us take F = x3
0 x1x2 + (x0 + 0.5x1 + 2.0x2)

4(x0 + x2).

• Compute H = H2,3
F of size 6 × 10 of rank 6.

• H0 = HB,ℓ0B invertible where B = {x2
0 , x0x1, x0x2, x

2
1 x1,x2 , x

2
2}, ℓ0 random in

S1. We dedcuce Mk = H−1
0 HB,xkB , k = 0, . . . , 2

• Compute a Schur Factorization Mrnd = QTQt of Mrnd =
∑

k λkMk

• Deduce blocks M [1]
k of size 2× 2, M [j]

k of size 4× 4 of local multiplication by
xk
ℓ0

from QtMiQ and the associated points or linear forms:

ℓ1 = 26.43x2 + 6.61x1 + 13.21x0,
ℓ2 = −3.76 × 10−14x2 − 2.04 × 10−15x1 − 3.62x0;

• Compute the nil-index 2 (resp. 3) of [M [j]
1 − ξi,j ]i=1,2 and deduce the degree

1 (resp. 2) of ωk and solve F = ω1ℓ
4
1 + ω2ℓ

3
2 to get

ω1 = 3.2810 × 10−5(x0 + x2) − 1.7949 × 10−19x1,

ω2 = −1.5305 × 10−15x2
2 − 0.0211x1x2 − 8.6353 × 10−18x2

1

− 7.7109 × 10−16x0x2 − 9.0234 × 10−17x0x1 − 1.2588 × 10−16x2
0 ;

We get ∥F − T∥ ≈ 7.60 × 10−14 where T =
∑2

i=1 ωi · ℓd−deg(wi )
i 12



Definition (Truncated Normal Form)

Let W ⊂ R = K[x ] and V be a K-vector space. A Truncated Normal Form
(TNF) for the ideal I from W to V is a linear map N : W → V s.t.

0 → K → W
N−→ V → 0

is exact, I = (kerN), I ∩W = kerN and I +W = R.

If dimV = r and N is a TNF then dimA = R/I = r and N = N|W where
ImN t = I⊥ (i.e. N is a Normal Form for I ).

TNF from tensor or (truncated) linear functionals Λ ∈ R∗:
Theorem:

Let B ⊂ A, B ′ ⊂ A′ stably connecteda, B+ ⊂ A, B+ ⊂ A′ with

• HB′,B
Λ invertible and

• rankHA′,A
Λ = rankHB′,B

Λ (flat extension).

Then N := HB′,A
Λ is a TNF from ⟨A⟩ to ⟨B ′⟩∗.

aIf m ∈ A, then m = 1 or ∃im ∈ [n],m′ ∈ A s.t. m = ximm
′.

C.f. [BCMT 2010]
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Definition (Operators of multiplication)

For a map N : W → V such that there exists B ⊂ W with B+ ⊂ W ,
N |B : B → V bijective, we define the multiplication operators associated to
N as

Mk : B → B

b 7→ (N |B)
−1 ◦ N(xkb).

Theorem:

Let N : W → V and B ⊂ W ⊂ R stably connected s.t. B+ ⊂ W and
N |B : B → V is an isomorphism. Then

N is a TNF for (kerN |B+) from B+ to V ⇔ Mk pairewise commute.
C.f. [M’99]

The associated Normal Form is

N : R −→ ⟨B⟩
p(x) 7−→ p(M)(1).

(M , 1) a.k.a. stable Atiyah-Drinfel’d-Hitchin-Mani (ADHM) datum.
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Hilbert Scheme

For d ≥ ρ (Gotzmann regularity), let N : Sd → V with rankN = dimV = r ,
then N ∼ Γ ∈ Grr (S∗

d ).

Its Plücker coordinates are

∆B = det


xβ1 ··· xβr

Λ1 N1,β1 . . . N1,βr

...
...

...
Λr N r ,β1 . . . N r ,βr

 for B = {xβ1 , . . . , xβr } ⊂ Sd

Definition (Hilbert Scheme of r points)

Hilbr = {N ∈ Grr (S∗
d ) s.t. N = I⊥d , dimA = dimR/I = r}

▶ B bais of Sd/Id iff ∆B ̸= 0

▶ Normal form of c = xα ∈ Sd on B: N(c) = [
∆

B[b→c]

∆B
]b∈B
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Theorem:
Let d ≥ r . N ∈ Grr (S∗

d ) is in the Hilbert scheme of r points iff for all subset B of
r monomials of degree d − 1, for all K ∈ Nr+1 with |K | = 2 r , for all b, b′′ ∈ B

and all i ≤ j , we have∑
I+J=K

∑
b′∈B

(∆x I◦B
[xIb′

b′→xi b] ∆x J◦B
[xJb′′

b′′→xj b
′ ]−∆x I◦B

[xIb′
b′→xj b] ∆x J◦B

[xJb′′
b′′→xi b

′ ]) = 0 (1)

∑
I+J=K

(
∆x I◦B

[xIb
b→xk a] ∆J.B −

∑
b′∈B

∆x I◦B
[xIb

b→xk b
′ ] ∆x J◦B

[xJb′
b′→xJ

b′
a]

)
= 0 (2)

(1) = commutation relations for a basis B

(2) = rewriting rules of the monomials of Sd

[Alonso-Brachat-M’10]
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Thanks for your attention.

Happy birthday Tony !
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