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Symmetric tensor decomposition

and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial F € Sy of degree d in the variables

x = (x0, X1, - .., X,) with coefficients € K:
F(x)= Y Fax®
|ar]=d

find a minimal decomposition of F of the form

F(x) = Zwi(fi,oxo +&xa+ o+ Einxn)?

i=1

with & = (&i0,&i1,---,&in) € R spanning disctint lines, w; € K.

The minimal r in such a decomposition is called the rank of T.



Generalized Additive or larrobino’s Decomposition

Generalized Additive Decomposition problem:

find ', wi(x) € S fori=1,...,r and = = [€q,...,&] € KHDX such that
F= 3 wile) (6 2%
i=1

with rankgap(F) = Z,r;l dim{(w;))¢, minimal, where
({wi))e, = (&, x)™ T r -+ 9gr(wi), @i €N)
for a basis of {(&;,x),x1,...,%,} of Sy

Example: For d > 5, F = x{7'x; + (x0 + x1 +2x2)72(xo — x1)? is a GAD of

rankg.g(F) = dim{(x1))e, +dim{((x0 = x1)*))e.
= dim<x1,€1>+dim((xofx1)2,2€2(x07x1),€%> =J5

with fl = [100], fg = [1 1,2], él = (fl,ﬁ), 62 = (fz,&).



Geometric point of view

® Vg ={w(éx)4,we K, e KL ¢ £ 0} Veronese variety

o Troi1a = {w(x) (& x)?7 1, w(x) € S1,& € KL ¢ £ 0} tangential
variety (= points on tangents to V11 4).

C On+1 4 = {w(x) (&, x)97% w(x) € Sk, & € K™ ¢ =£ 0} osculating
variety (= points on oscullating linear spaces to V11 4).

Proposition

— O ;
The singular locus of OF ; 4 is (’)n+1 ¢ Vot1,d = Opyy 4 is smooth.

F=Y wilx)€x)" if Fe Zonﬂ a



1= Find the decomposition by associating to F an Artinian algebra A
1= Using Macaulay correspondence, describe A* via inverse systems

15 Use apolar duality to associate to F € Sy an element F* € S:

Apolar product: For F =37, Foax® F'=3%7,_4F,x* € Sq,

(F,Fla= Y (Z)lFa Fl.

|a|=d

Apolar duality: For F € Sy and g € Sy,
o F*:peSy— (F,p)g € Kis a linear functional € S}
® gxF :peSy—(F,qp)g
15 Use Catalecticant, Hankel operator Hg to describe A* as Im Hf:
RS = G
g — qxF*
Matrix form: for A C Sk, B C Sy_«, Hf;"B =[(F,ab)dlacapes



Duality (char K = 0)

S =K[xo, ..., xn] = K[x], S = K[x]q, R =K[xq,...,xn] = K[x],
R<d = K[x]<g = (x* =x{* - x3 with |a|=a1+ -+ a,<d).

» Linear functionals: A € R* = {A: R — K, linear} = Homg (R, K)

A:ip= Zpax — (Nlp) = Z/\apa

The coefficients (A[x*) = A, € K, a € N” are called the moments of A.
» Formal power series: \(z) = > . \a % € K[z, ..., zn]]
where al = [ ;! for a = (az,...,a,) € N.
(£2%)aen dual basis in R* of the monomial basis (x*)aen» of R.
z%:pe R~ 0%p)(0)
» Truncated linear functionals: R, = {A: R<y — K, linear }.
» Truncated series:

For A(2) = Y Ao 2y €K[[2]], N2)ST = 3,y AaZs € Klz]u = RZ,. B



From tensors to truncated linear functionals

Let hd,xo IpE Rgd — Xgp(%) € Sy and
F=F*ohgy € Ry

B F =3 0ma FXGo X0t X" € Sq = F =3 oy Faggzi™ - 20" € RLy

> F = (Ex)? with E = 1= F = (eg,.¢,(2)~

where e¢(z) =3 n € Z7 is the evaluation linear functional e¢ : p € R — p(¢).

b F = w(x)Lo(x)? ¥ with Ly = (€, %), & = 1,

w(x) = wo LE + wi(x)LET1 4+ -+ wi(x) € Sk, wi € Si(xa,- - -5 Xn) =
F = ((2) ee(2))<
where € = (&,...,&,) € K", &(2) = XL wi(2) € Klz]<k.



Structure of A

Theorem:
If I =@ N---NQy with Qi mg-primary, then

o Ve() ={&,....&}

o A=A @ ---® A, with A;:R/Q;

o l=u1 & - - Duy with A; = u; A, u? = u;, uju; =0if i # .

(u; idempotents).

Theorem:
In a basis of A, all the matrices M, : a€ A— gac A (g € A) are of the form

1
My o g(&) *
. i .
. with M, = . N
’

7
0 Mg

Mg =

Corollary (Chow form)

Au) =det(vo+vi Mg + -+ Vo My) = [[i(vo + va&ix + - - - 4 Vi n)"éi where
pe, = dim A; is the multiplicity of &. 7



Structure of the dual A*

Definition (Polynomial- Exponential series)

PolExp = { Zw, z)eg(z) |wi(z) e K[z],& € K”}

where e¢,(z) = ea&iatFzndin = Za ff‘i—, is the evaluation e¢ : p € R — p(§).

Theorem:

For K = K algebraically closed and A = R/ artinian with / = @, N---N Q,, Q;
my,-primary,
A =1t =@/ Die,(z) C PolExp

e D= QIJ‘ = <<w;71(z), ce ,w,-,/,.(z)>> with w,-J(z) € K[Z]
o dimg(D;) = p; multiplicity of &;.

where D; is the Inverse system generated by wj 1(2),...,w; ;(z) € K[Z]

((w,-71(z), 000 ,w,-J,.(z))) = <8§(w;7j), [OAS N",j =1,..., /,>



Kronecker theorem (Univariate Series)

Kronecker (1881)
The Hankel operator
H/\ . (CN,finite N (CN
(pm) = (Zm Am+an)n€N

is of finite rank r iff 3wq,...,w, € C[z] and &;,...,& € C distincts s.t.

n

Nz) = ZA"% - Zw, Z)ee (z

with 327 (deg(wi) +1) = r.



Generalized Kronecker Theorem

Theorem:
For A € R*, the Hankel operator

Hy:R — R*
p — p*xA
is of rank r iff y
Nz) =) wi(z)eg(z) with wi(z) € K[z,
i=1

with r = 37 dim((wi(2))) = 321, dim(03wi(z)). In this case, we have
o In = ker Hy with Ve(Ih) = {&, .-, &0}
o h=QiN N Qy with QF = ((w))) e, (2).
C.f. [M'2018]
= Ap is Gorenstein:(a, b) — (A|ab) is non-degenerate in Ajp.
w= Can be generalized to A = (Aq,...,Ap) € (R*)™. 10



For F = Z,Ll Wi(l)(gnl)d with EI,O =1,

o Ir:={peRst 0(0)p(&) =0 for (z) € (i)}

e Ar := R/Ir the quotient algebra by /.
Theorem:
Let A={a1,...,a:},A ={a},...,a,}, BCA B CA s.t.
Bt =BUxBU---Ux,BCA B* CA and H=H}".
If B and B’ are bases of Af, then

ker H=Ir N (A) and I = (ker H)

| 2
> imH = (I#)a) where I = {A e K[x]* | Vp € Ir, (A, p) =0} = A}
> A=A @@ Ay with AF = ((&(2)))ee, (2)
> rankgaq(F) = rank(HE ) = r = pg + - pp where p1; = dim({&;(2)))

’
» Hy= H,“f ‘B is invertible.

» For H; = Hlf,’XiB’ M; = Ho_lH,- = multiplication by x; in the basis B of Afr.

15 Decomposition via Schur factorization of the M;.
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Example (Joint work with E. Barilli, D. Taufer)

Let us take F = xgx1x2 + (xo + 0.5x1 + 2.0x0)*(x0 + x2).
e Compute H = H%3 of size 6 x 10 of rank 6.

o Hy = HB %8B invertible where B = {x2, xox1, XoX2, X2 X1 x,, X2 }, {0 random in
S1. We dedcuce M = HO_IHB’XkB7 k=0,...,2

e Compute a Schur Factorization Mg = QTQ" of Mg = >, MM

e Deduce blocks M,[(” of size 2 x 2, /\/I,[j] of size 4 x 4 of local multiplication by
;—ﬁ from Q*M;Q and the associated points or linear forms:

f1 = 26.43x> + 6.61x3 + 13.21x0,
la = —3.76 x 10 Yx; — 2.04 x 10" 5x; — 3.62xp;
e Compute the nil-index 2 (resp. 3) of [M{’] — & jli=1,2 and deduce the degree
_ 4 3
1 (resp. 2) of wy and solve F = w1/] + wal3 to get
w1 =3.2810 X 10" 5(xp + x2) — 1.7949 x 10 °x;,
wa = —1.5305 x 10~ *®xZ — 0.0211x3x2 — 8.6353 x 10

—18 2
&1

— 7.7100 x 10 *®xgxa — 9.0234 x 10~ M xpxg — 1.2588 x 10 *8xZ;

We get [|F — T ~ 7.60 x 10~ where T = 372 w; - ¢~ %) .

1



Definition (Truncated Normal Form)

Let W C R =K][x] and V be a K-vector space. A Truncated Normal Form
(TNF) for the ideal / from W to V is a linear map N : W — V s.t.

O—>K—>Wﬂ>V—>0
is exact, | = (ker N), INW =ker N and | + W = R.

If dim V' = r and N is a TNF then dim A = R// = r and N = N}y where

ImN*t = /1 (i.e. N is a Normal Form for /).

TNF from tensor or (truncated) linear functionals A € R*:
Theorem:

Let B C A, B’ C A’ stably connected?, BT Cc A, BT C A" with
° H/'\B,’B invertible and
e rank H,(‘/’A = rank H,’\S/’B (flat extension).

Then N := HZ* is a TNF from (A) to (B')*.

?If me A then m=1or Jin € [n],m € Ast. m= x,,m’.

C.f. [BCMT 2010]
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Definition (Operators of multiplication)

For a map N : W — V such that there exists B ¢ W with BT ¢ W,
N|g : B — V bijective, we define the multiplication operators associated to

N as
M,:B — B

b — (N|B)_1oN(xkb).
Theorem:

Let N: W — V and B C W C R stably connected s.t. BT ¢ W and
N|g : B — V is an isomorphism. Then

N is a TNF for (ker Njg+) from BT to V < M pairewise commute.

C.f. [M'99]
The associated Normal Form is

N:R — (B)
px) > p(M)(L).

(M, 1) a.k.a. stable Atiyah-Drinfel’d-Hitchin-Mani (ADHM) datum. 14



Hilbert Scheme

For d > p (Gotzmann regularity), let N : S; — V with rank N = dim V = r,
then N ~ T € Gr.(S}).

Its Pliicker coordinates are

lﬁl lﬂr
A [ Nig, ... Nig
Ag = det : : : for B={x",....x’} C Sy
AL Neg, ... Npg

Definition (Hilbert Scheme of r points)
Hilb” = {N € Gr,(S}) st. N = I+ dim A = dim R/T = r}

» B bais of Sd//d iff Ap 75 0

A b
» Normal form of ¢ = x* € S4 on B: N(c) = [%]beg

15



Theorem:
Let d > r. N € Gr.(S}) is in the Hilbert scheme of r points iff for all subset B of
r monomials of degree d — 1, for all K € N'*! with |K| =2r, for all b,b" € B

and all / <, we have

E : E (AX,OB[X'b’ b/ —x;b] AgJoB[le” b”—’ij'l_AlloB[X/b/ b/ —x;b] A
I+J=K b’eB

(1)
(2)

b'eB

commutation relations for a basis B

rewriting rules of the monomials of S9

b”—>xib’]) =0 (1)

X 08"

Z AKIOB[x/bb—vxka] AJ.B - E Al,oB[XIbb_)Xkb/] AXJOB[XJbI b,_’XJb/ a]> =0 (2)
I+J=K X

[Alonso-Brachat-M'10]
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Thanks for your attention.

Happy birthday Tony !
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